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Multivariate composition of Sobol'ev functions 
F. SZIGETI 
Dedicated to Prof. K. Tandori on his 60th birthday 
1. Introduction 
In this paper we shall prove some theorems on the composition of a multivariable 
outer function and inner functions of one variable belonging to certain Sobol'ev 
spaces. These theorems are based on a generalization (see [7] and Assertion 1) of 
the result of F. RIESZ [ 4 ] and the well-known Sobol'ev embedding theorems. Very 
interesting special cases are considered when W2S(Q):=HS(Q). Really, in this case 
the spaces H s( i2) can be characterized by Fourier coefficients, thus a relation can be 
proved between the convergency rate of the Fourier coefficients of the components 
and that of the composition. 
The following main results will be proved. 
T h e o r e m 1. Let n£N, c, d£R (c<d),p, q, r, s€R. Suppose that p, q, r£] 1, 
and that the equality 
and the inequality 
are satisfied. Then, for each f£W*(R") and monotonous functions gx,g2, • • -, g„€ 
d), the composition fog belongs to W*(c, d). 
Theorem 1 and the Sobol'ev embedding theorems give us the following 
2. Results 
(1) 
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T h e o r e m 2. Let ;J€N, c, I/£R (c<d), p, q, r, su s2, J3€R . Suppose that 
p.q.rQ 1, p, q = r, and that the inequality 
- K ) K ) 4 < > 
is satisfied. Let 1], 
<« 7 + ( * 4 ) K f ( -
be numbers Satisfying the inequality 
(6) ( S l _ ^ ) ( S 2 _ i ) > S 3 _ I . 
Then, for each f^W^iW) and monotonous functions gx,g2, ..., gn£Wqs'(c, d), the 
composition f o (g±, g2, ...,g„) belongs to JV/'(c, d). 
Now, we mention the special case of Theorem 2, when p, q, /•:=2. We can use 
the following characterization by the Fourier transform and series : 
a) f€Hs(R") if and only if x~ / (x ) ( l+ | | x | | 2 ) s / 2 €L 2 (R") , 
b ) g£H\c,d) if and only if 2 l 2 ( " ) l 2 n * - = ~ 
n = 1 
where {g(w): n£N} are the Fourier coefficients of the function g£L2(c, d) with 
respect to the system {q>n: N ( E N } , of the eigenfunctions of the eigenvalue problem 
(-l)*jt(»>+jc = ?.x, 
xw(c) = x(fc+1>(c) = . . . = *< t t-»(c) = 0, xm(d) = x<k+1>(d) =... = x^k-1>(d) = 0 
induced by the immersion Hk(c,d)<^L2(c,d) and s^k. If k:= 1, then (pl(t) = 
=(d-c)~\ 
<pn(t) = 2(d-c)-1 cos [ ( n - 1 ) n ( t - c ) ( d - c ) - 1 ] (n s 2). 
T h e o r e m 3. Let n£N, c, d£R, (c<d). Suppose that the numbers 
satisfy the inequality 
( 7 ) ( S L _ » ) ( S 2 _ | ) > S 3 _ I . . 
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Then, if 
(8) x ~ f ( x ) ( l + \ \ 4 2 Y ^ L 2 ( R % 
(9) 2 I SI 0 ) 2 N^ <CO (/ = 1,2, ...,n) 
n=i 
and gi ( /=1 , 2, ..., n) are monotonous, then 
(10) 
n = l 
a/io holds. 
It is clear that in Theorem 2 the space H\R") can be replaced by HS(Q) for a 
bounded region i2cR" , such that the closure of the range Rg of g = ( g i , •••,g„) 
belongs to £2. In this case for each f£Hs(Q) there exists a function f£Hs(R") such 
that fo(gu ...,g„)=fo{g1, ...,g„) holds. For this it is enough to resctrict / t o a 
region RgCQtCQ such that Q is a "good" region having the extension property 
(see [1], [2]). Thus the relation (8) can be replaced by 
2 | / ( n ) | 2 ^ . 
n = l 
where {/(«)'. n€N} are the Fourier coefficients with respect to an orthonormed 
system of eigenfunctions of an elliptic problem related to the embedding 
Hk(Q)<zL2(Q) where s ^ k holds (see [3], [5]). 
For the spaces Wp(R") and W2{c, d) we can prove Theorem 4 because the order 
of differentiability is high enough. 
T h e o r e m 4. Let w£N, c,d£R (c<d), p£HL. Suppose that 1 </>, s>2+{n-l)/p. 
If f(LWp(R") and the monotonous functions glt g2, ..., g„£W2(c, d) then the composi-
tion fo(g!,g2,...,gn) belongs to the scone space W2(c, d). 
In Theorems 1—4 the monotony of the inner functions play a very important role. 
Finally we show a theorem, in which the monotony of the inner^functions can 
be omitted. 
T h e o r e m 5. Let n£N, c,d£R (c<d), p,q€] 1, J€R . Suppose that 
s>l+(nlp). Then, if f€Wps(R"), g£Wq\c,d) {i=\, ...,»), then f o ( g l , ...,gn)£ 
iWq\c,d). 
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3. Outline on Sobol'ev spaces 
\ 
In this section we survey some facts on the Sobol'ev spaces. 
Let k, n£N, p£] 1, i 2 c R " be an open subset. The Sobol'ev space Wf(Q) 
is defined by ! 
JVP"(Q) := {/: £rf£Lp(Q), |ot| k) 
equipped with an appropriate norm (see [1, Ch. III]). ; ; 
Let W]f(Q)-.=Lp(£i). 
If i € R + , then the Sobol'ev space Wp(Q) is defined by 
• ' i ) 
n x f i 
equipped again with an appropriate norm (see [1, Ch. VII]). , 
Here [s] denotes the entire part of the real number s. The Sobol'ev embedding 
theorems will be used (see [1], [2]) in the next: 
a) if s>n/p, then Wp(Q)(zCB(Q) and the embedding is continuous and linear, 
b) if p i , p 2 £ ] l , Pi^Pz and ( n / P i ) - s l ^ ( n / p 2 ) - s 2 , ¡then 
Wpsii(Q)zDWPt'(Q) and the embedding is continuous and linear. 
The mentioned result of F. RJESZ [4] is the following: an absolutely continuous 
function / : ]a, b[—R (or C) has its derivative f'£Lp[a, b] if and only if there exists 
a number K^O such that, for any system {]ai; 6 f [c ]a , b[: / £ / } of nonoverlapping 
bounded subintervals, the inequality 
f • \bt-a,\>-* ~K 
holds, and the best constant is \\f'\\pL . 
As it was mentioned in the introduction, the proofs are based on the Riesz theo-
rem and 
A s s e r t i o n 1. (see [7]). Let n£N, p, s£R. Suppose that p Q \ , a n d 
i > l + ( ( « - l ) / p ) . If / £ ^ ( R " ) , then there exist real numbers K^0 ( / = 1 , 2 , . . . , « ) 
such that, for any integers /¡£N, systems 
fc,7[cR: ; = 1,2, . . . , / , } 
of nonoverlapping bounded subintervals and sets Rn_l: j= 1, 2, the in-
equalities 
y 1 fi, b,j (£tj) —fi, a, j 1" ^ „ 
4 I b u - a u r i 
hold, where for any / = 1 , 2 , ...,«, a£R the function fUa: R" - 1 —R (or C) is defined by 
£ Zi-l, a, Zi, •••> £„-l). 
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We mention that the best constants Ki (/ = 1,2, ..., h) are 
/ 1 m n j ^ - H ^ t -
R " 
Next, we need the following 
A s s e r t i o n 2 (see [6]). Let c,d£R (c<d) />€]1, If fgenfi(a,b), then 
The proof can be made by the Riesz theorem. 
4. Proofs and remarks 
P r o o f of T h e o r e m 1. Define the number a : = r ( l — (1/p)). We can easily 
see that (1) is equivalent to the equality 
(11) J L + L i ! _ ! ) = !. 
P q\ P J 
Our proof if based on the Riesz theorem and Assertion 1. For this, let /£ N, 
{]cf, (/¡[c]c, d[: / = 1 , 2 , . . . , / } be a system of nonoverlapping subintervals. Let 
:=• (gi№), 8j-i(di), gJ+i(Ci), ..., g„(c,)) (6R"-1), 
dij := gj(dd, Cfj := g^c,) 
(y'= 1, 2, ..., H, i = l , 2, . . . , / ) . Then by (11) we can estimate with the Holder inequality: 
4 \f° (gi> - > Oidd-fo (gx, - , gn)(c;)r 
4 K - c . - r - 1 
= 4 4 I D U - C Y I - ' I ^ - C . - R - 1 -
^ -_x 4 , f t W ^ i i M f ' f 4 , J i f e W f . . . 
~ n 4 1 4 M o - c ^ i ^ » J 1 4 i ^ - c i f r - « » « ) J • 
We can check that ix(pfr)=p-\, ( r - l ) ( ^ / a ) = ^ - l , ct/q=(rfq)(l - ( l / p ) ) thus, by 
Assertion 1 and the Riesz theorem 
j . I /O(gi , g„)(dd-fo(gL,..., g.KOT s 1 ] g ; r a - ( n : 
i=l I i Cil J=X p 
because 
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that is 
| | ( / ° fe, g„)) ' |k = " ( r _ 1 ) / r ( 2 WdjfWW* h ' K - ( m ) Y l r ^ 
s n ^ ^ l / l l ^ i i l l g i l i r ^ ) 1 ' ' -
j=1 
P r o o f of T h e o r e m 2. From (3) the inequalities 
K ) K ) - 4 - 4 
follow immediately. Thus the inequalities 
• 4 - 4 4 . 4 ) ( ' 4 r 4 4 ) K r -
hold, so the intervals (4), (5) are nonempty, and the inequality l S i ^ l +(l/q) 
is satisfied. Thus there exist numbers p0=p, qo=q, rQ=r such that for p0,q0, r0 
(12) , ' : ( S l - | ) L - l ) = : l - l 
P Po <1 \ P>\ q) r0 
hold. By theorem 1, if / € ^ ' ( R n ) and the monotonous functions g&Wfic, d) 
(i = l , . . . ,n) , then the composition fo(gu...,gn) belongs to ^ ( c , d). By (12) the 
Wqs'(c, d)cW^(c, d) and Wrs*(c, d^W^c, d) embeddings are continuous and 
linear, so, if /£W p ' (R") and the monotonous functions g£Wqs*(c,d) ( i = l , . . . , n), 
then / € B £ ( R " ) (p=p0), g£W£(c, d), thus f o (gu ..., d)c=fV/°(c, d) 
too. 
Theorem 3 follows from Theorem 2 and the characterizations a), b) (see Sec-
tion 2). 
P r o o f of T h e o r e m 4. By assumption /€fVps(R"), and gi€lVp2(c, d) 
( i = l , 2, ..., n), so by the chain rule 
n 
(14) . ( / ° ( g I , g 2 , ~, g j y = 2 dif° (gi> 82, g„)g! • ¡=1 
Again by assumption the functions gi€Wp(c,d) are monotonous and clearly 
d j Z W ; - 1 ^ " ) i - l > l + ((W-l)//>). Thus by Theorem 2 d J o ( g l , g i , . . . , g n ) e 
£Wp(c, d). On the other hand gi€fVp1(c, d) holds obviously, so by Assertion 2 the 
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sum (14) of products belongs to W*(c, d). This means that the composition 
Mgl,g2,...,gn)£Wp2(c,d). 
R e m a r k 1. In the special case p:= 2 we can use the characterization of the 
spaces of type H* in terms of the Fourier coefficients. If i2czR" and (c, d)aR are 
bounded, /£Z,2(i2), the monotonous functions g£L2(c, d) ( / = 1 , 2 , ..., n) and 
there exists the composition fo(glt . . . ,gn) , .then from 
¿ 1 / ( n ) | 2 n * < ~ , 
n = l 
¿ l i i C n ) ! 2 « 4 ^ - (i = 1, ...,n) 
n=1 
follows that 
2 \ f ° ( g i , •••> gJ(«) l 2« 4 n — 1 
The Fourier coefficients relate to the above mentioned orthonormed systems of eigen-
functions. 
P r o o f of T h e o r e m 5. Apply the Sobol'eb embedding theorem for Wp*(R")c 
cC 1 (R" ) . Thus by the chain rule (14) is satisfied almost everywhere over (c, d). 
Let M denote the norm of the embedding n£ - 1 (R" )cC B (R n ) . Then 
| | ( / ° (gi, g n ) ) ' | k = I I 2 d'f° (gi> g")g.'lk, ^ i = l 
^ 2 ( f \dif°tei>•••>gn)Ng.'l4)1/4-i — l c 
^ 2 l!^-/llcB(R»)llg,'IU9 ^m 2 \\dif\\w>-A\g\K = ¡=i ¡=i 
¡=i 
Thus f o ( g l , ...,gn)efV/(c, d). 
R e m a r k 2. The inequality 
(15) ! |(/o ( g l , . . . , g„))'|| t, == M\\f\\w. 2 llgiiu ¡=1 
also is obtained. 
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